C-eigenvalues of piezoelectric-type tensors which are real and always exist, are introduced by Chen et al. [1] . And the largest C-eigenvalue for the piezoelectric tensor determines the highest piezoelectric coupling constant. In this paper, we give two intervals to locate all C-eigenvalues for a given Piezoelectric-type tensor. These intervals provide upper bounds for the largest C-eigenvalue. Numerical examples are also given to show the corresponding results.
Introduction
Piezoelectric-type tensors are introduced by Chen et al. in [1] as a subclass of third order tensors which have extensive applications in physics and engineering [2, 3, 5, 6, 7, 9] . The class of Piezoelectric tensors, as the subclass of Piezoelectric-type tensors of dimension three, plays the key role in Piezoelectric effect and converse Piezoelectric effect [1] . Definition 1. [1, Definition 2.1] Let A = (a ijk ) ∈ R n×n×n be a third-order n dimensional real tensor. If the later two indices of A are symmetric, i.e., a ijk = a ikj for all j ∈ N and k ∈ N where N := {1, 2 . . . , n}, then A is called a piezoelectric-type tensor.
To explore more properties related to piezoelectric effect and converse piezoelectric effect in solid crystal, Chen et al. in [1] introduced C-eigenvalues and C-eigenvectors for Piezoelectric-type tensors, and shown that the largest C-eigenvalue corresponds to the electric displacement vector with the largest 2-norm in the piezoelectric electronic effect under unit uniaxial stress [1, 2, 8] .
n×n×n be a piezoelectrictype tensor. If there exist a scalar λ ∈ R, vectors x ∈ R n and y ∈ R n satisfying the following system Ayy = λx, xAy = λy, x T x = 1 and y
where Ayy ∈ R n and xAy ∈ R n with the i-th entry
a ijk y j y k , and (xAy
respectively, then λ is called a C-eigenvalue of A, x and y are called associated left and right C-eigenvectors, respectively. Property 3. Suppose that λ * is the largest C-eigenvalue of a piezoelectrictype tensor A. Then
Property 2 and Property 3 provide theoretically the form to determine Ceigenvalues or the largest C-eigenvalue λ * of A, However, it is difficult to compute them in practice because determining x and y is not easy. So, we in this paper give some intervals to locate all C-eigenvalues of a piezoelectric-type tensor, and then give some upper bounds for the the largest C-eigenvalue. This can provide more information before calculating them out.
Main results
In this section, we give two intervals to locate all C-eigenvalues of a piezoelectric-type tensor. And the comparison of these two intervals are also established.
n×n×n be a piezoelectric-type tensor, and λ be a C-eigenvalue of A. Then
where
Proof. Suppose that x = (x 1 , x 2 , . . . , x n ) T and y = (y 1 , y 2 , . . . , y n ) T are left and right C-eigenvectors corresponding to λ with x T x = 1 and y T y = 1. Let
Then 0 < |x p | ≤ 1 and 0 < |y q | ≤ 1 because x T x = 1 and y T y = 1. By considering the p-th equation of Ayy = λx in (1), we have
and
On the other hand, by considering the q-th equation of xAy = λy in (1), we have
Hence
Multiplying (4) with (6)yields
Note the facts that λ is a C-eigenvalue of A if and only if −λ is a Ceigenvalue of A, and that a C-eigenvalue is real. Then
The conclusion follows.
From Theorem 1, we can obtain easily the following upper bound for the largest C-eigenvalue of a piezoelectric-type tensor.
n×n×n be a piezoelectric-type tensor, and λ * be the largest C-eigenvalue of A. Then λ * ≤ ρ.
Next we give another interval to locate all C-eigenvalues of a piezoelectrictype tensor. Before that some notation are given. For a subset S of N, denote ∆ S := {(i, j) : i ∈ S or j ∈ S} and ∆ S := {(i, j) : i / ∈ S and j / ∈ S}.
Given a piezoelectric-type tensor A = (a ijk ) ∈ R n×n×n , let
Theorem 2. Let A = (a ijk ) ∈ R n×n×n be a piezoelectric-type tensor, and λ be a C-eigenvalue of A. And let S be a subset of N. Then
where ρ min := min
Proof. Similarly to the proof of Theorem 1, (4) and (5) hold. Furthermore, by (5) we have
Multiplying (4) with (10) yields
Solving (11) for |λ| gives
(1)
.
By an analogous way of Theorem 1, we have
Furthermore, since (12) holds for any S ⊆ N, it follows that
Note here that if
Hence,
This gives the comparison of the intervals in Theorem 1 and Theorem 2 as follows.
Theorem 3. Let A = (a ijk ) ∈ R n×n×n be a piezoelectric-type tensor, and λ be a C-eigenvalue of A. Then
where ρ is defined in Theorem 1, and ρ min is defined in Theorem 2.
Remark 1. Theorem 3 shows that the interval [−ρ min , ρ min ] captures all Ceigenvalues of a piezoelectric-type tensor precisely than the interval [−ρ, ρ], although ρ min needs more computations than ρ.
Similarly to Corollary 1, we can obtain easily the following upper bound for the largest C-eigenvalue of a piezoelectric-type tensor by Theorem 2.
n×n×n be a piezoelectric-type tensor, and λ * be the largest C-eigenvalue of A. Then λ * ≤ ρ min .
Numerical examples
In this section, we give some examples to show the results obtained above. Consider the eight piezoelectric tensors in [1] ; (I) The piezoelectric tensor A V F eSb [1, 4] , with its entries We now use the intervals in Theorem 1 and Theorem 2 to locate all Ceigenvalues of the eight tensors above, see 
